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Abstract- In this paper, a new robust approach based on combining the model 

reference control with H-infinity technique is proposed. The goal of the proposed 

controller is to obtain an adequate transient response which may not be obtained 

when only H-infinity technique is used. This is done by adding the model 

reference block to the standard H-infinity feedback configuration. Then the 

overall block diagram is formulated by linear fractional transformation (LFT). 

The Magnetic Levitation which is a highly nonlinear, open loop unstable and 

uncertain system is used to show the effectiveness of the proposed controller. 

The results show that the proposed controller is very effective in compensating 

the system parameters variations with forcing the system output to track the 

output of the model reference. A variation of ±10% in system parameters is 

considered. 
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1. Introduction

The magnetic levitation system has gained a big 

interest in the entire world because of its great 

practical importance in engineering fields. They are 

characterized as unstable open loop, highly 

nonlinear and uncertain systems. Furthermore, the 

magnetic levitation systems have high steady state 

error and with a small change in system parameters, 

they may be destabilized. Therefore, the modeling 

and control are very challenging for such as 

systems. On the other hand, the magnetic levitation 

technology helps in eliminating friction losses due 

to mechanical contact. Some of applications of 

magnetic levitation systems include magnetic 

bearings, high-speed trains and high precision 

platforms [1, 2]. 

 Many approaches have been applied to control the 

magnetic levitation system, including type 2 fuzzy 

logic controller [3], sliding mode control combined 

with fuzzy logic control [4] and optimal robust 

control [5, 6].  

Santosh [1] presented the design of robust feedback 

control for magnetic levitation system. The H-

infinity control was investigated to stabilize the 

magnetic levitation system by keeping a magnetic 

ball suspended in the air. However, there were no 

specific transient response specifications to be 

achieved. However, in all previous literatures there 

was no specific time response specifications 

required to be achieved. 

On the other hand, the H-infinity optimal control 

represents one of the powerful approaches in robust 

control system design. Although the H-infinity 

control is an effective method in rejecting the 

disturbance and noise control systems, the robust 

design approach may not obtain an adequate 

transient response specification [7]. On the other 

hand, to achieve an asymptotic tracking of 

prescribed limits, a suitable model reference can be 

considered and its output is used as the desired plant 

response [8]. 

In this work a combination of H-infinity and model 

reference control is proposed for magnetic 

levitation system. The main objective of this 

combination is to synthesize a feedback controller 

that achieves an asymptotic tracking of prescribed 

reference output while compensating the system 

uncertainty and rejecting the disturbances. The 

controller is adjusted such that the system output 

tracks as close as possible the output of a given 

model reference. 

2. System Mathematical Model

The ferromagnetic ball suspended in a voltage-

controlled magnetic field represents the main 

components of the magnetic levitation system. The 

schematic diagram of the magnetic levitation 

system can be shown in Figure 1. The 

electromagnetic units play an important role in 

magnetic levitation control in transferring the 

measured signals to the PC by input/output card. 

The control signals will be transferred from the PC 

to magnetic levitation and back via the analogue 

control interface. The mechanical and electrical 

units of the system are presented in Figure 2 [9]. On 

the other hand, the magnetic levitation system 

components are: electromagnet, a metal sphere and 

an infra-red sphere position sensor. The magnetic 

ball suspension system is divided into two parts: 

mechanical part and electromagnetic part. The 
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mechanical part of the magnetic levitation 

system is considered at first. Figure 3 shows 

the free body diagram of the system when the 

ball is suspended due to balancing the 

electromagnetic force fem and the force due to 

gravity fg [9]. Newton’s 3rd law of motion can 

be used for representing the net force fnet 

acting on the ball with neglecting the friction. 

the drag force of the air is given by [1, 10]:  

fnet = fg - fem                                                    (1) 

m�̈� = mg - fem                                                 (2) 

where fem = c 
𝑖2

𝑥2 and c is a constant depending 

on the coil (electromagnet) parameters, i is 

the coil current of electromagnet and x is the 

position of the ball.  fem denotes the magnetic 

force generated by the coil. m is the metal 

sphere mass and g is the gravitational force. 

At equilibrium state the magnetic will equal 

to the force of gravity on the object and the 

object acceleration will equal to zero. 

Consequently, equation (2) will be [2]:  

mg = c 
𝑖0
2

𝑥0
2                                       (3) 

where 𝑖0 represents the current coil of 

electromagnet at equilibrium point, xo  is the 

ball position at equilibrium point. 

The magnetic ball position will be influenced 

by the inductance of the electromagnet coil. 

The point between the electromagnetic force 

and gravity (levitating force) is inherently 

unstable. To solve this problem, the nonlinear 

electromagnetic force can be linearized. At 

equilibrium state, the following equation is 

obtained [1, 2]: 

m�̈� = c (
2𝑖0

2

𝑥0
3 ) x - c (

2𝑖0
 

𝑥0
2 ) i                        (4) 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: Electromagnetic levitation system [9] 

 

 

 

 

 

 

 

 

 

 
Figure 2: Magnetic levitation control system [9] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 3: Free Body diagram of magnetic levitation 

system [9] 
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The electromagnetic part of the system is shown in 

Figure 4. By applying Kirchhoff's voltage law as: 

𝑒𝑖𝑛 − 𝑖𝑅𝑅 = 𝐿
𝑑𝑖𝐿

𝑑𝑡
                                           (5)               

 

Then by using equations (4) and (5), the total 

magnetic levitation system model is expressed by:   

[

�̇�1

�̇�2

�̇�3

] = [

−𝑅

𝐿
0 0

−𝑘𝑖

𝑚
0

𝑘𝑠

𝑚

0 1 0

] [

𝑥1

𝑥2

𝑥3

] + [

1 

𝐿

0
0

]𝐸𝑖𝑛                                  

y=[ 0 0 1] [

𝑥1

𝑥2

𝑥3

]                                        (6) 

where 𝑘𝑠 = 𝑐 (
𝑖0
2

𝑥0
3) , 𝑘𝑖 = 𝑐 (

2𝑖0
 

𝑥0
2 ) , 𝑥1(t) 

represents the position of the metal sphere ball, 

𝑥2(t) represents the velocity of the metal sphere 

ball and 𝑥3(t) represents the acceleration of the 

metal sphere ball. The values of the parameters of 

the system are listed in Table 1. 

 

3. Controller Design 

The transformation into standard configuration 

can be done using Lower Fractional 

Transformation (LFT) technique. LFT is a 

technique which specify grouping signals into sets 

of external inputs (w) and outputs (z), input to the 

controller (v) and output from the controller 

(control signal u). The H-infinity controller design 

depends on minimizing the infinity norm from 

input 









d

r
w  (set point r, disturbance d) to 

output 









u

p

e

e
z  where pe  represents the 

weighted error signal and ue  represents the 

weighted control signal. The standard H-infinity 

control problem is shown in Figure 5. Where K(s) 

represents the desired optimal controller, P(s) 

represents the plant transfer matrix and it is known 

as augmented plant [11]. Normally, the augmented 

plant includes the plant model in addition to the 

weighting functions that reflect the design 

specifications. In this work, we proposed to add 

the transfer function of the model reference to the 

augmented plant P(s). The error between the two 

outputs (system and model reference) is selected to 

be one of the outputs to be minimized as shown in 

Figure 6. The performance weighting function is 

used to weight the error between the outputs of the 

system and the model reference (𝑒𝑟) to keep the 

system output within prescribed limits represented 

by model reference. 

 

 

 
Figure 4: Magnetic levitation system 

(electromagnetic part) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
Figure 5: Standard H-infinity control problem [11] 

 

The dynamics of the system shown in figure 5 can 

be expressed as [11]: 

uBwBAxx 21                                             (7a) 

uDwDxCz 12111                                        (7b)                  

uDwDxCy 22212                                  (7c) 

Then the plant transfer matrix can be partitioned as 

follows [11, 12]: 

                                                             

 

P(s) 

K(s) 

z 

v 

w 

u 

 Table 1: List of system parameters [1] 

Parameter Nominal value 

 

R 10 𝛺 

L 0.4125 H 

m 0.068 kg 

g 2m/s9.81  

oi 0.8 Amp 

ox 0.012 m 

c 6.53×10−5 
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Figure 6: The overall block diagram of the system with model reference

where 
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The generalized plant P can be expressed as: 

[
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where 𝑆(𝑠) =
1

1+𝐺𝑝(𝑠)𝐾(𝑠)
 represents sensitivity 

function and 𝑇(𝑠) =
𝐺𝑝(𝑠)𝐾(𝑠)

1+𝐺𝑝(𝑠)𝐾(𝑠)
 represents 

complementary sensitivity function respectively. 

 The H-infinity optimal control synthesis procedure 

consists of finding a controller K(s) that stabilizes 

the system such that the infinite norm of the closed 

loop transfer matrix ),( KPFl is minimized, that is 

[11]: 




),( KPFl                                                  (15) 

where ||.||∞ represents the H  norm of )K,P(Fl , 

and γ is a positive number.                                        

To add the uncertainty model to the system, the 

Lower Fractional Transformation (LFT) is 

transformed to the Upper Fractional Transformation 

(UFT) by obtaining N which is equal to Fl (P,K)w 

[11]. On the other hand, both structured and 

unstructured uncertainties are considered in H-

infinity control design. However, for more control 

over the system, the unstructured uncertainty can be 

used to cover the high frequencies unmodeled 

system dynamics. The uncertainty model is added 

to the system as shown in Figure 7 to form the 

Upper Fractional Transformation (UFT). The 

overall block diagram of the system with 

multiplicative uncertainty and the added model 

reference is shown in Figure 8. Where mW  

represents the multiplicative uncertainty model of 

the system. The overall system can be represented 

by:  

 

[

𝑦∆
𝑧1

𝑧2

𝑣

] = 𝑃 [

𝑢∆
𝑟
𝑑
𝑢

] =

























p

u

ppprpp

pm

G

W

GWWGWW

GW

111

000

000

[

𝑢∆
𝑟
𝑑
𝑢

]   (16) 

 

model 

reference 

 

model 

reference 

model 

reference 

 



Engineering and Technology Journal                                                              Vol. 36, Part A, No. 1, 2018 

08 
 

∆

N z

u∆ y∆

w
 

Figure 7: Upper fractional transformation (UFT) 

  

Figure 8: Block diagram of the system with model reference and weights 

 

The augmented plant P and the controller K can be 

represented by LFT as:  
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and,      
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The transfer function with uncertainty that relates 

w to z can be found using Upper Fractional 

Transformational (UFT) function as [11]:  

wNNNNwNFz u ])1([),( 12
1

112122


(19) 

The H-infinity control objective is to obtain the 

controller )(sK  which guarantees the internal 

stability of the system by minimizing ),( NFu . 

The minimization procedure depends on  -

iteration in obtaining the stabilizing controller 

such that:  




),(NFu                                                  (20) 

It is shown that the cost function to be minimized 

is a function of (N) which is in turn a function of 

the error between the two outputs (system and 

model reference). The controller parameters will 

be adjusted in such away so that the cost function 

is minimized. The performance and control 

weighting functions are set manually by trial and 

error to meet the required robust stability and 

performance. The selected weighting functions 

are: 

𝑊𝑝(𝑠) = 
5

0.1𝑠 +0.001
                                             (21) 

𝑊𝑢(𝑠) = 10−5                                                   (22) 

The multiplicative uncertainty weighting function 

is calculated to cover ±10% variation in system 

parameters (R, L and m). The obtained uncertainty 

weight is: 

𝑊𝑚(𝑠) = 
0.1774s+8.717

𝑠 +39.03
                                        (23) 

Figure 9 shows the proposed block diagram of H-

infinity model reference. The model reference 

transfer function is selected as a third order by 

considering ITAE criterion (integral time absolute 

error) which is related to the desired settling time. 

The considered model reference structure is [13, 

14]: 

     𝐺𝑟(𝑠) =
𝑤𝑛

3

𝑠3+1.75𝑤𝑛𝑠2+2.15𝑤𝑛
2𝑠+𝑤𝑛

3                (24)            
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where 𝑤𝑛 represents the model reference natural 

frequency and its value is selected to be 105 

rad/sec. which satisfies 25 msec. settling time. 

 

4. Results and Discussion 

Figure 10 shows the closed loop time response of 

the system. It is clear that the system is unstable.  

To stabilize the system, the proposed H-infinity 

controller is applied. The obtained controller is: 

𝐾(𝑠) =
−2.085×1018𝑠3−1.486×1020𝑠2−3.484×1021𝑠−2.684×1022

𝑠4+8.274×105𝑠3+5.51×1010𝑠2+1.778×1015𝑠+2.252×1013                                               

(25) 

Figure 11 shows the frequency response for 

complementary sensitivity function (T) and 

sensitivity function (S). Figures 12 shows the 

frequency response for sensitivity function (S) and 

performance weighting function (𝑊𝑝
−1) and the 

frequency response of complementary sensitivity 

function (T) and uncertainty weighting function 

(𝑊𝑚
−1) is shown in Figure 13. From these figures 

it is shown that the magnitudes of (S) and (T) are 

less than the magnitudes of (𝑊𝑝
−1) and (𝑊𝑚

−1) 

respectively and for all frequencies which means 

that the robust performance and robust stability 

conditions have been achieved. The characteristics 

of the control signal are shown in Figure 14. It is 

shown that the magnitudes of (KS) are less than the 

magnitudes of the inverse of the control weighting 

function (𝑊𝑢
−1). The time response specifications 

of the controlled system using H-infinity and H- 

infinity model reference controllers are shown in 

Figures 15 and 16 respectively.  

It is clear that the output of the system using the 

proposed H-infinity model reference controller has 

closely tracked the desired specifications 

represented by the output of the given model 

reference. Further, it is shown that the proposed 

controller can achieve a robust performance better 

than if only one of them is used. The time response 

of the controlled uncertain system is shown in 

Figure 17. A variation of ±10% in system 

parameters (R, L and m) was considered. It shows 

that the system stability has been guaranteed with 

the variations in system parameters with achieving 

the desired tracking represented by the selected 

model reference. 

On the other hand, as compared to the standard H-

infinity control, the proposed controller is very 

effective in obtaining an adequate transient 

response represented by the model reference 

which its output has been used as a desired system 

output response. 

 

5. Conclusion 

In this paper the model reference control has been 

combined with H-infinity approach to obtain a new 

robust control for the magnetic levitation system. 

In this design, the controller parameters have been 

adjusted such that the system output tracks the 

output of the model reference. The proposed 

controller has achieved an asymptotic tracking of 

prescribed reference output with compensating the 

system parameters uncertainty. A variation of 

±10% in system parameters has been considered. 

Finally, it was shown that the proposed controller 

could overcome the disadvantage of the H-infinity 

controller in obtaining adequate time response 

specifications. 

 

 

 

Figure 9: The entire system block diagram with model reference and weights 
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Figure 10: Time response specifications of the system before applying the proposed controller 

 
 

 
Figure 11: Frequency response characteristics of the complementary sensitivity function (T) and sensitivity 

function (S) 

 

 
Figure 12: Frequency response of the sensitivity function (S) and (𝑾𝒑

−𝟏) 
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Figure 13: Frequency response of the complementary sensitivity function (T) and (𝑾𝒎

−𝟏) 

 

 
Figure 14: Frequency response of the control sensitivity function (KS) and (𝑾𝒖

−𝟏) 

 

 

 

 

 

 

 

 

 

 

 

Figure 15: Time response specifications of the controlled system using H-infinity controller 
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Figure 16: Time response specifications of the controlled system using H-infinity model reference Controller 

 
 

 
Figure 17: Time response specifications of the controlled uncertain system 
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